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The Heat Semigroup 
on Configuration Spaces 

Yuri Kondratiev* *, Eugene Lytvynov**, Michael Rockner*** 

Abstract 

In this paper, we study properties of the heat semigroup of configuration 
space analysis. Using a natural “Riemannian-like” structure of the configuration 
space Fx over a complete, connected, oriented, and stochastically complete Rie- 
mannian manifold X of infinite volume, the heat semigroup was 

introduced and studied in [J. Func. Anal. 154 (1998), 444-500]. Here, 
is the Dirichlet operator of the Dirichlet form over the space L‘^{Tx,'^m)^ 
where tt^ is the Poisson measure on Fx with intensity m —the volume mea¬ 
sure on X. We construct a metric space Fqo that is continuously embedded 
into Fx- Under some conditions on the manifold X, we prove that F^o is a 
set of full TTm measure and derive an explicit formula for the heat semigroup: 
(e“*^^F)( 7 ) = Jp F{^) where is a probability measure on Foo for 

all t > 0, 7 e Foo- The central results of the paper are two types of Feller prop¬ 
erties for the heat semigroup. The first one is a kind of strong Feller property 
with respect to the metric on the space Too- The second one, obtained in the 
case X = is the Feller property with respect to the intrinsic metric of the 
Dirichlet form . Next, we give a direct construction of the independent infi¬ 
nite particle process on the manifold X, which is a realization of the Brownian 
motion on the configuration space. The main point here is that we prove that 
this process can start in every 7 G Fqo, will never leave Fqo, and has continuous 
sample path in Fqo, provided dim A > 2. In this case, we also prove that this 
process is a strong Markov process whose transition probabilities are given by 
the above. Furthermore, we discuss the necessary changes to be done for 

constructing the process in the case dim A = 1. Finally, as an easy consequence 
we get a “path-wise” construction of the independent particle process on Foo 
from the underlying Brownian motion. 
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1 Introduction 


In [3, 4, 5, 6 ], stochastic analysis and differential geometry on configuration spaces were 
considerably developed by using the so-called “lifting procedure,” see also [33, 28, 34, 
35, 1, 2] for further results and reviews. 

Let us recall that the configuration space Lx over a complete, connected, oriented, 
and stochastically complete Riemannian manifold X of infinite volume is defined as 
the set of all infinite subsets of X which are locally finite. Each configuration 7 e Lx 
can be identified with the Radon measure X]xe 7 tangent space to at a point 

7 G Lx, denoted by T..y(rx), is defined as the direct sum of the tangent spaces to X at 
X, where x runs over the points of the configuration 7 ; that is, T^(Tx) ■= 0 xG 7 ^ 3 ;(^)- 
The gradient V^F{'y) of a differentiable function F: Tx — > K at a point 7 G Tx is 
defined as an element of the tangent space T^(Tx) through a natural lifting of the 
gradient on X. Analogously, one introduces also the notion of divergence of a vector 
field over Tx. 

Let Tim denote the Poisson measure on Px with intensity m —the volume measure 
on X. By using the integration by parts formula for the Poisson measure, it was shown 
in [5] that Tim is a volume measure on Px, in the sense that the gradient and the 
divergence become dual operators on L?{Tim) '■= L^(Px,'7rm)- 

Thus, having identified differentiation and a volume measure on the configuration 
space, the next step in [5] was to consider the Dirichlet form over L?‘{Tim), which is 
defined by 

on an appropriate set of smooth cylinder functions on Px. Using again the integration 
by parts formula, one obtains the associated Dirichlet operator, i.e., the operator 
in L'^irim) satisfying T^(Fi,F 2 ) = Fi, F 2 )This yields, in particular, that the 
bilinear form is closable. Moreover, the operator was shown to be essentially 
selfadjoint. We will preserve the notation for its closure. 

The present paper is devoted to the study of properties of the heat semigroup 



By using the general theory of Dirichlet forms, it has been already proved in [5, 28] 
(see also [35]) that there exists a diffusion process (i.e. a strong Markov process with 
continuous sample paths) on the configuration space that is canonically associated with 
the heat semigroup (e“*'^'^)teR^, i.e., for each F G L‘^{Tim), 

(e-*^>)(7)= / F(X,)dP, 

Jn 

for TTm-a-a- (or even quasi-every) 7 G Px- This process is then the Brownian motion on 
Px- Moreover, this process is, in fact, the well-known independent infinite particle pro- 
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cess (cf. [5]). The latter is obtained by taking countably many independent Brownian 
motions on X, see [11]. 

The hrst part of this paper is devoted to deriving an explicit formula for the heat 
semigroup. We introduce functionals n G N, on T^ by 

Bnil) ;= ^ exp [ - i dist(a;o, x) ], 

xG7 

where Xq is a hxed point of the manifold X. We dehne a subset Too of Tx consisting 
of those conhgurations 7 for which 5n(7) < 00 for all n G N, and equip Too with a 
metric in such a way that the convergence in Too means vague convergence together 
with convergence of all the functionals Bn (see also [21]). Under some conditions on 
the geometry of the manifold X, we prove that Too is of full Tim measure and that, for 
each 7 G Too, t > 0, there exists a probability measure on Too such that for each 
F G L'^{Too,T^m) 

(e-*^"F)( 7 ) = [ F(0 ^--a.a. 7 e T,,. (1.1) 

To this end, we apply the method for constructing probability measures on Tx 
described in [39], and dehne Pt,^ via a product measure on Here, 

Pt,x{dy) := p(t,x,y) m{dy), p(t,x,y) is the heat kernel of the manifold X, and 7 = 
{xk}'^=i (the resulting measure Pt,.y will, however, be independent of the chosen order¬ 
ing of the points of 7 ). 

The second part of the paper is devoted to our main results which concern two 
types of Feller properties of the heat semigroup. 

We introduce a class D of measurable functions on Too, which particularly contains 
all bounded local functions, and show that D is invariant under the action of the 
semigroup . Moreover, we prove that, for each F G D, the map 

Too 3 7 ^ {PtF){^) ■■= [ F{0 Pt,M) e K 

is a continuous function on the space Too (PtF is even continuous with respect to some 
weaker metric). Thus, we obtain a kind of strong Feller property of the heat semigroup. 
Here, we use results on harmonic analysis over conhguration spaces from [18, 19, 22] 
(see also [23, 24, 25, 26, 7]), 

Next, we consider a metric space Foo which is an appropriate extension of Fo^ to 
multiple conhgurations in X, i.e., to Z_|_-valued Radon measures on X. Restricting 
ourselves to the case X = we prove that the operators (Pt)i>o dehned by 

Too 3 7 ^ {PtF){j) := [ F(0 Pt,M) ^ ® 
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preserve the class of all bounded functions on Too which are continuous with respect to 
the intrinsic metric of the Dirichlet form (see [34]). Thus, for this metric, we have 
the usual Feller property of the heat semigroup. 

In the third part of the paper, which is more probabilistic, we present a direct 
construction of the independent inhnite particle process on the manifold X with the 
state space Too, which will be therefore a realization of the Brownian motion on the 
conhguration space mentioned above. We show that, if the dimension of X is > 2, 
the constructed process is the unique continuous strong Markov process on Too whose 
transition probabilities are given by Pt( 7 , ■) ;= Pt^.y(-). In particular, it starts at 
any conhguration in Too and never leaves Foe,. If dimX = 1, one cannot exclude 
collisions of the particles, but it is still possible to realize the Brownian motion on 
the conhguration space as a continuous Markov process on Foo- Finally, we describe 
a path-wise construction of the inhnite particle process starting from any point in Foo 
(respectively Foo). More precisely, we show that the obvious heuristic construction can 
be performed rigorously. 

We should mention that independent inhnite particle processes have been studied 
by many authors, see e.g. [36], but neither in this paper, nor in any other reference we 
are aware of, it was proved that the process takes values in the conhguration space for 
all values of f > 0. 


2 Intrinsic Dirichlet operator on the Poisson space 

In this section, we will briehy recall the dehnition and some properties of the intrinsic 
Dirichlet operator on the Poisson space. We refer the reader to [5, 3, 4] for details and 
proofs. 

Let X be a complete, connected, oriented C°° Riemannian manifold. Let m denote 
the volume measure on X, and we suppose that m(X) = oo. Let and := —\X^ 
be the gradient and Laplace-Beltrami operator on X, respectively. We denote by 
T) := C^{X) the space of all (7°° functions on X with compact support. It is well- 
known that is essentially selfadjoint on L‘^{m) := L‘^{X, B{X),m), where 

B{X) is the Borel a-algebra on X. In what follows, we will always suppose that 
is conservative (cf. e.g. [38]). 

Let p(t,x,y), t G (0, cx)), x,y E X, denote the heat kernel of the operator H^: 

(e-*^"^)(a;) = [ ^{y)p{t,x,y) m{dy), m-a.e. a; G X, (2.1) 

Jx 

where v? is a bounded measurable function on X. We recall that p(t,x,y) is a strictly 
positive function on (0, cx)) x X x X (cf. e.g. [10]). 
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The conservativity condition yields, in particular, that 


pit, X, y) midy) = 1, t G (0, cx)), x E X, 


( 2 . 2 ) 


Jx 

i.e., for each t > 0 and x E X the heat kernel determines a probability measure 

PtAdy) ■= Ptix, dy) = pit, X, y) midy) (2.3) 

on X. Thus, the manifold X is stochastically complete. 

Next, we consider the conhguration space Tx over X —the set of all inhnite subsets 
in X which are locally hnite: 

Tx := {7 C X I I 7 I = CX) and | 7 a| < cx for each compact A C X}. 

Here, | ■ | denotes the cardinality of a set and 7 a := 717 A. One can identify any 7 G Tx 
with the positive Radon measure 


£ Ad(X), 

where Ad(X) stands for the set of all positive Radon measures on i3(X). The space 
Tx can be endowed with the relative topology as a subset of the space Ad(X) with the 
vague topology, i.e., the weakest topology on Tx with respect to which all maps 

Tx 3 7 ^ (<d,7) := / Ax)lidx) = ^pix), e T>, 

are continuous. We shall denote the Borel a-algebra on Tx by i3(rx). 

Let Tim denote the Poisson measure on (Tx, i3(rx)) with intensity m. This measure 
can be characterized by its Laplace transform 

AAA ■= j TiAdl) =exp(^J - 1) midx)^ , p eV. (2.4) 

We refer to e.g. [39, 37, 5] for a detailed discussion of the construction of the Poisson 
measure on the conhguration space. Now, we recall how to dehne the intrinsic Dirichlet 
operator in the space AAm) '■= L^(Px, H(Px), TTm)- 

Let TAX) denote the tangent space to X at a point x E X. The tangent space to 
Px at a point 7 G Px is dehned as the Hilbert space 

r,(rx) :=0rAV). 

x&-y 
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Thus, each ^^( 7 ) G T^(Tx) has the form V{'y) = (y{'j,x))x£'y, where V{'j,x) G Tx{X), 
and 

x£'y 

Let 7 G Tx and a; G 7. We denote by an arbitrary open neighborhood of x 
in X such that O^^x 71 (7 \ {x}) = 0. Now, for a function F: Tx — M, 7 G Tx, and 
a; G 7, we define a function ^ 3 ,( 7 , ■): O^^x —^ M by 

O^^x Fxicf, y) := ^((7 \ {a;}) U {y}) G M. 

We say that a function F: Tx —^ K is differentiable at 7 G Tx if for each a; G 7 the 
function Fxl'y, ■) is differentiable at x and 

V^F( 7 ) ;= (V^F.(7,a;)).,^ G T,(rx), 

where 

V^FA~l,x) := 

(cf. [1, 2]). Evidently, this definition is independent of the choice of the set O^^x- We 
will call V^F( 7 ) the gradient of F at 7 . 

We introduce the set FF“(F, Tx) consisting of all smooth cylinder functions on 
Tx, i.e., all functions of the form 

^( 7 ) =^f((<^i,7),---,(<^v, 7)), 7erx, (2.5) 

where N e N, (pi,... ,(pisf E V, and gp G Any function F of the form (2.5) 

is differentiable at each point 7 G Tx, and its gradient is given by 

N 

(V^F)(7) = grUpi,'^),..., (2.6) 

j=i 

where dj gp means derivative with respect to the j-th coordinate. 

Then, the corresponding pre-Dirichlet form is 

f {V‘’F(7),V‘’G(7)>T,(r,-)ir„(<i7), F.G <= TC^(Vpx). (2.7) 

^ aPx 

By using the integration by parts formula on the Poisson space, one shows that the 
associated Dirichlet operator , i.e., the operator satisfying 

S^(F.G) = (77''F,G)i»„„), F.G<=rG^{VPx). 

is of the form 

TV 

(F^F)(7) = - ^ didjgp{{pi,-f),. .., ((^x,7)) / pj{x))T^i^x)l{dx) 

: G _1 J X 
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j=i 

where F is given by (2.5). Therefore, the bilinear form (S^, FC^(V, Tx)) is closable on 
L^i'n'm), and with its closure we can associate a positive definite selfadjoint operator, the 
Friedrichs extension of H^, which will be also denoted by (In fact, FC^(V,Tx) 
is a domain of essential selfadjointness of see [5, Theorem 5.3].) 

Consider the corresponding heat semigroup (e“*^^)tg]R^ in /.^(tt^), where as usual 
M+ := [0, cx)). We set 

E{Vi, T) := 1 . h. { exp [ (log(l + 9 ?), •) ] | 9 ? G 'E’l }. 

Here, l.h. means linear hull and 

T>i := { G D{H^) fl L^{m) \ H^(p G L^{m) and —5 < 99 < 0 for some 5 G (0,1) }. 

( 2 . 8 ) 


Proposition 2.1 We have 

exp [ (log(l + 99 ), •) ] = exp [ (log(l + e“*^^(p), •) ] Tr^-a.e. for all cp e Vi. 
Proof. See [5, Proposition 4.1]. ■ 

As a direct consequence of this proposition, in particular, one obtains that 
, E(Vi,T)) is essentially selfadjoint on Lfijirn)- 

Finally, the diffusion process that is properly associated with the Dirichlet form 
(T^, Dom(T’")) is the usual independent inhnite particle process, or in other terms. 
Brownian motion on Fx (cf. [5, Subsection 6.2]). 


3 Correlation measures in configuration space 
analysis 

In this section, we shall recall some facts on A'-transforms and correlation measures. 
We shall follow [18, 22] (see also [23, 24, 25, 26, 19, 20, 7]; in [18, 22, 7] the reader can 
also hnd many further references and historical comments). 

Denote by Fx,o the space of all hnite conhgurations over X\ 

00 

Fx,o:=Ur 5 \ r® = { 0 }, fJ^) = {r/C X I |r/| = n}, n G N. 

n=0 

X"- = { {xi,..., Xn) e \ Xi ^ Xj when j} 
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Let 



and let Sn denote the group of permutations of { 1 ,..., n}, which acts on X"- by 


(j(xi, . . . , Xn') (3^(t(1) ) • • • ) ^a{n) )) (J G Sn- 

Through the natural bijection 

x^/Sn ^ (3.1) 

one dehnes a topology on The space rx,o is then equipped with the topology of 
disjoint unions. Let i3(rx,o) denote the corresponding Borel a-algebra. A set iL C rx,o 
is compact iff there exists N G N with K fl T^^ = 0 for all n > and K fl T^^ is 
compact for all n < N. The set of all Borel sets in T^.o with compact closure is denoted 
by i3c(rx,o)- 

A i3(rx,o)-measurable function G: rx,o —K is said to have bounded support if 
there exist a relatively compact open set A C X and N E N such that {G 7 ^ 0} C 
lj!y=oryr^- The space of bounded functions on Tx.o with bounded support is denoted 
by 5bs(rx,o)- 

In what follows, for any 7 G Tx, we shall use the notation i'be summation 

over all 7 C 7 such that |? 7 | < cx). For a function G\ rx,o the iF-transform of G 

is then dehned by 

(A-G)(7 )(3.2) 

»?(S7 

for each 7 G Tx such that at least one of the series J2ri(s'y iv) or 
converges in R+, where ^’'■( 7 ) := max{ 0 ,G( 7 )}, ^“( 7 ) = — min{0, ^( 7 )}. For each 
G G Bbs(Fx,o) and each 7 G Fx, the series always hnite, and moreover, 

{KG){-) is a i3(Fx)-nieasurable function on Fx (cf. [18, Proposition 3.5]). 

Let p be a probability measure on (Fx,i3(Fx)). The correlation measure corre¬ 
sponding to fl is dehned by 


p,{A):= [ (Xlx)(7)h(d7), AeB{Tx,o). 
Jtx 


is obviously a measure on (Fx,o,'B(Fx,o))- 


Proposition 3.1 Let p be a probability measure on (Fx,i3(Fx)). Then, the measure 
p^ is locally finite, i.e., 


Pf,{A) < 00 for all A G i3c(Fx,o), 


(3.3) 


if and only if 



pidj) < 00 


for all n G N and A G BfiX). 


(3.4) 
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Proof. See [18, Proposition 4.2], ■ 

We say that a measure /i satisfying (3.4) has hnite local moments and denote the set 
of all such measures on (P^, i3(rx)) by Affm(rx)- The set of all locally hnite measures 
on Px.o will be denoted by Wlif(rx,o)- 

Proposition 3.2 Let /i G Affm(rx) and let G: Px.o M. be a measurable function 
which is integrable with respect to the measure p^. Then, KG is well-defined and finite 
p-a.e., and integrable with respect to the measure p. If for some G': rx,o —^ M, G = G' 
p^-a.e., then KG = KG' p-a.e., and hence the K-transform defines a linear mapping 

K- L\Txp,B{Txp),p^.) ^ L\Tx,B{Tx),p). 

Furthermore, we have 


\\KGhp,) < \\K\G\ = ||G|Ui(,^) 


and 


'^X,0 


G{v)pMv)= {KG){-f) p{d-f). 


Tx 


Proof See [18, Theorem 4.11], 


For two functions Gi,G 2 : rx,o the T*r-convolution of Gi and G 2 is dehned as 

the mapping Gi * G 2 : rx,o ® given by 

(Gi * G2)(?7) := Gi(?7i U ?72)G2(772 U 773), ( 3 . 5 ) 

{vi,V2,r)3)&'P3{v) 

where '^’ 3 ( 77 ) denotes the set of all ordered partitions ( 771 , 772 , 773 ) of 77 into 3 parts. 
Clearly, if Gi, G 2 are i3(rx,o)-iiieasurable, then so is Gi G 2 . The main property of 
the T*r-convolution is given by the following formula (see [18, Proposition 3.11]): 

(K(Gi*G2))(7) = {KG,){^) ■ (i^G2)(7), (3.6) 


provided (iFGi)( 7 ) and {KG 2 ){pf) exist. 

Let a be a non-atomic Radon measure. The Lebesgue-Poisson measure A^- on 
(rx,o;'S(rx,o)) with intensity a is dehned by 


00 

Act := S0 + 

n=l 



1 


where the measure cr®"' is dehned on P^^ via the bijection (3.1). 

Finally, let us introduce the notion of correlation functions. Suppose that a measure 
p G Afif(Fx,o) is absolutely continuous with respect to the Lebesgue-Poisson measure 
Am with intensity m, and dehne the functions ; F 


dp 


(n) 

X 


as the restrictions of the 


Radon-Nikodym derivative k := —^ to F^^. In the case where p = is a correlation 

dXrn 

measure, the functions (/c^"'^)[]T^ are called correlation functions of the measure p. 
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4 Heat kernel measures 

In this section, we shall construct a family of probability measures on the config¬ 
uration space so that is the kernel of the integral operator . 

First, we recall the construction of probability measures on the conhguration space 
Fx proposed by A. M. Vershik et ah [39], see also [16]. 

OO 

Let us consider the inhnite product X” = x = X, furnished with the 

k=l ^ 

product topology, and let i3(X^) denote the Borel a-algebra on X^. We dehne X^ as 
the set of all elements {xi,X 2 , ■ ■ ■) G X^ such that 1 ) x* 7 ^ Xj when i j, and 2 ) the 
sequence {xk}'^=i has no accumulation points in X. Evidently, 


XM 


Pi { (xi, a;2,...) e : Xi ^ Xj } 


n 


n 


Pi IJ { (xi, Xa,...) e X^ : V/ > /c d{xo, xi)>n} , 

n=l k=l 


(4.1) 


where xq is a hxed point of X and d{-, •) denotes the distance on X. Hence, X^ G 

H(X^). 

Let z/fc, /c G N, be nonatomic probability measures on (X, i3(X)) and consider the 
product measure u := on (X^,i3(X^)). (4.1) and the Borel-Cantelli lemma 

imply the following: 


Lemma 4.1 [39] We have z/(X^) =0 or 1, and z/(X^) = 1 if and only if 


OO 

z/fc(A) < OO for each compact A C X. (4.2) 

k=l 


Let Soo denote the group of all permutations of the sequence of natural numbers, 
which acts on X^: 


1/2) • • • ) (|/(t(1) ) I/(t(2 ) )•••)) O' G Sqq. 

The space X^ is invariant under the action of Soo- Through the natural bijection 
X^/Soc I—> Fx, we shall identify these two spaces. Let /: X^ —Fx be given by 

X^ 3 X = {xi, Xs,. ..) /x = {xi, Xa,. .. } G Fx. (4.3) 

Thus, I maps an element x G X^ into the corresponding equivalence class [x] G 
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The mapping I: Tx defined by (4.3) is i3(X^)-i3(rx)-measurable (here 

B{X^) denotes the trace a-algebra of B{X^) on X^). Indeed, the a-algebra B{rx) is 
generated by the sets of the form 

^A,n = {7 e Tx: (1 a,7) =n}, 

where n G Z_|_ := N U {0}, A is a compactum in X, and 1 a is the indicator of A (see 
e.g. [17, 29]). Then, 

7"^(AA,n) = U { (a;i,a; 2 ,...) e X^: e A, i = 1,... ,n, e A'', i > n + 1 }, 

cresfl? 

(4.4) 

where denotes the group of all finite permutations of the sequence of natural 
numbers, and A'^ := X\A. Since has a countable number of elements, we conclude 
from (4.4) that /“^(AA,n) ^ i3(X^), which implies the measurability of I. 

Hence, if the measures z/^, /c G N, satisfy condition (4.2), we can consider the 
image of the probability measure u on X^ under the mapping I, which is a probability 
measure on Tx- Evidently, this image-measure is independent of the order of the z/^’s, 
that is, it coincides with the measure on Tx constructed through the product-measure 
<S>T=i for each a e S^o- 

Let now t > 0 and let 7 be a fixed point of Tx such that 

^^Pt^a;(A) < 00 for each compact A C X, (4.5) 

xG-y 

where pt^x is as in (2.3). Define 

00 

Pt ,7 := IPi,x o where := <^Pt,xk (4-6) 

k=l 

and where x = {xk)’^=i G X^ is an arbitrary element of the set (the resulting 

measure being independent of the choice of x). 

Below, we shall need the correlation measure of 'Pt,y 

Proposition 4.1 Lett > 0 and letj G Tx satisfy (4.5). Then, the correlation measure 
Pt^y of'Pt,y is given by 

Pt.i t r^’ : = ptl := £0, 

t r 7 : = pP := E ( ® Pw) ° 

\xGd / 

d(sy:\e\=n ^ ^ 
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where Tn : X” —is the composition of the natural quotient map X"-/Sn 

and the bijection (3.1) {the measure {®x&ePt,x) is independent of a chosen order 

of the product of the measures pt^x)- Moreover, we have 




1 

n\ 



for each compact A C X, 


in particular, G Afif(rx,o) o.nd G Affm(rx)- 


Proof Let the measure on (rx,o,'B(rx,o)) be dehned by (4.7). For a measurable 
function G: F^.o ^ we have G = {G^^^)^^o, where G^^^ := G \ F^^^ Then, by 
using the dehnition of Pt,'y and the monotone convergence theorem, we have, for any 
i3(Fx,o)-measurable function G\ Fx,o —^ that 


/ {KGmPt,M)= [ (XG)(/y)Pt,.(dy) 
Jvx 


00 

= G^^\0) + ^ 

n=l {ii. 

5^ [ G<"ior„(j/„,...,s.j 

. 

00 

<^Pt,xk{dyk) 

k=l 


g'“>(0 ) + 5^ ^ 

■ ■ ® Pvxijdyi,.. 

■) dyn) 

CXJ p 

G^°\0)+y2 

n=l 

Tn{yii • • • I yn) ^ ^ Pt,Xi^ ® 

■ ■ ■ ®Pt,xi„{dyi,. 

■■) dyn 


= / G{p) pt,y{dp), 
drx,o 


(4.8) 


where x = {xk)'^i G The hnal inequality in the assertion immediately follows 

from (4.5) and (4.7). Hence, the measure pt^.y is from Afif(Fx,o), and therefore, by 
Proposition 3.1, G Affm(Fx)- • 


Remark 4.1 One could also start with a measure pt^-f on Fx,o that is given a priori 
by formula (4.7) for each t > 0 and each 7 G Fx satisfying (4.5), and then, using [18, 
Theorem 6.5], identify as the unique probability measure on Fx whose correlation 
measure is pt^^. 

Our next aim is to show that condition (4.5) is satished for Tr^-a.a. 7 G F^, at least 
under some additional conditions on the manifold X. 

Let us assume that the manifold X satishes the following two conditions: 


(Cl) For each t > 0, there exist constants Gt > 0 and £* > 0 such that 

p{t, X, y) < Gt exp [ - d{x, ], t>Q, x,y eX. 
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(C2) For some fixed xq E X, 


m(B(xo,r)) < r > 0, 

where > 0, N E N, and B{xo,r) denotes the geodesic ball with center at x 
and radius r. 


Concerning these conditions, in particular, the upper estimate of the heat kernel, 
we refer the reader e.g. to [10, 14, 15] and the references therein. For example, in the 
case of a manifold X of nonnegative Ricci curvature, one has 


p{t,x,y) < 


C / d{x,yf\ 

(4 + £)d’ 

m[B{x,r)'j < const^r'^ 


e > 0, 


(4.9) 

(4.10) 


{d being the dimension of X). Thus, conditions (Cl) and (C2) are satished if the 
manifold X possesses the following additional property: 


Vr > 0 : inf m[B{x,r)) > 0, 


(4.11) 


which is true, for example, in case of a manifold having bounded geometry (see [ 10 ]). 

Now, we shall follow the idea of [21] to consider subsets of the conhguration space 
on which some special functionals take hnite values. So, for each n G N, we introduce 
the functional 


Bnh) ■= {exp [ - ^d{xo, ■)],-/) = '^exp[ - ^d{xo,x)], 7 e Fx, (4.12) 

xG'y 

and define F„ G B{Tx) by 

F„ := { 7 G Fx : ^^( 7 ) < cx) }. (4.13) 

Here, Xq is as in (C2). Evidently, we have, for each n E N, F^+i C F„, and let 

00 

r —Or 

00 • ^ n* 

n=l 

Let dy be any metric on Ai{X) determining the vague topology. For example, we 
can take as dy the metric dx that was introduced in [32]: 

00 

dK^i^i, U 2 ) ■= ^2“*dK,i(z^i, z^2)/[l + dK,i{i^i, 1 ^ 2 )], 1 ^ 1 , 1^2 E M{X), 

i=l 
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where 


1 ^ 2 ) ■= sup 


fd{ui - U2) 


lx 


sup 

x,y£X 


: f:X^R, 

d{f{x)J{y)) 
d{x,y) 


< 1 , f{x) = 0 if d{xo,x) > i 


The metric d^ is a generalization of the Kantorovich metric, and on any set of mea¬ 
sures from A4{X) which have uniformly bounded support, dx is just equivalent to the 
Kantorovich metric. 

Then, we can metrize the set Too as follows: for 71,72 G Too 


doo(7i,72) := dv(7i,72) + 2-"|5„(7i) - 5„(72)|/[l + |5n(7i) - 5n(72)| ]• (4.14) 

n=l 


Let i3(roo) denote the trace a-algebra of B{Tx) on Too. It can be shown that this 
(T-algebra coincides with the Borel a-algebra on Too that corresponds to the topology 
generated by the d^o metric. 


Proposition 4.2 Let (Cl) and (C2) be satisfied. Then, Too is a set of full Tim measure. 
Furthermore, for each 7 G Too condition (4.5) is satisfied and Too is a set of full 
measure for each t > 0. 


Proof We have by (C2) that 


Bni'f) TT^id'y) = / exp[-^d{xo,x)]m{dx) 


IX 

00 

Z 

k=l 


exp — ^d{xo,x) m{dx) 


B{xo ,k)\B (xQ ,k—l) 


< 


< 


X^exp [- ^{k-l)]m{B{xo,k)) 


k=l 

00 


^exp [- 4 (A; - i)]c^^A;^ 


< 00 . 


(4.15) 


k=l 


Therefore, Bn is TTm-a.e. hnite, i.e., ■nmiTn) = 1 for all n G N, which yields that 
7rm(roo) = 1- 

Next, from (Cl) we get, for each r > 0, t > 0, and 7 G Too, 


J2pUBixo,r)) = J2 [ p{t,x,y)m{dy) 

x^-y dB{xo,r) 


xG'y 
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<aJ2[ e.p[-dix,y)]midy) 

xe-y •^B{xo,r) 


< a exp [ - ^(xo, x) ] [ exp [d{xo, y) ] m{dy) < oo, 

xe-y dB{xo,r) 


SO that (4.5) is satisfied. 

Finally, for each 7 G Too, t > 0, and n G N, we get from (Cl), (C2) (cf. also (4.15)), 
and the monotone convergence theorem that 


/ Bn{OPt,y{dO = '^ exp[-^d{xo,y)]p{t,x,y)m{dy) 

'rx xey 

- / exp [-7ci(a;o,|/)]C'texp [-d(a;,?/)^+^‘] m(d|/) 

xG7 

< a,. E / -P [ - ^ ^(-0,1/) ] exp [ - d{x, y) ] ^(dy) 

< c,,„ 2 exp [-i fexp [-i 


x£y 


(4.16) 


which yields that Pt^..y(roo) = 1 - ■ 

Remark 4.2 Let Hzm denote the Poisson measure on (rx,i3(rx)) with intensity zm, 
where 2 : > 0. Since the correlation measure of is the Lebesgue-Poisson measure 
\zrm it follows from the proof of Proposition 4.2 that TizmiXoo) = 1 for all 2 : > 0. 
Furthermore, let '■= TTzm B(dz) be a mixed Poisson measure such that z/ is a 
probability measure on (0, cx)). Then, Foo is a set of full measure. 

5 Explicit formula for the heat semigroup 

Due to Proposition 4.2, we can consider as a probability measure on (Foo, 'B(Foo)). 
In this section, we shall derive an explicit formula for the heat semigroup (e“*^ )teK+- 

Theorem 5.1 Let the conditions (Cl) and (C2) be satisfied. Then, for each F G 
L^(Foo,7rm), we have 

(e-*^"F)(7)= / F(0Pt,7(^0 (5.1) 

forTlm-a.a. 7 G Foo- 

Proof. We start with the following 
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Lemma 5.1 LetVi denote the subset ofVi {see (2.8)) given by 

Pi ;= { (/) G "D I 3(5 G (0,1) : —5 < V? < 0 }. 


Then, for any (p G Pi, 7 G Too, and t > 0, we have 


exp [ (log(l + <p), 0 ] Pt, 7 (c ^0 = exp 


log 1 + / p dpt,, , 7 


Proof. First, we observe that by Proposition 4.2 

eL \T{y)\Pt,x{dy) < 00 for each 7 G Poo and (p G P. 




lx 


But for each 7 G Poo, x = (xfc)^! G / ^{ 7 }, and p G Pi, 

n CXD n 

/ exp [(log(l+ (p),0] Pt,7(c^0 = n / 0 -^Tiy))Pi,^k{dy) 


k=l 


= exp 


'x 


log 1 + / p dpt,, , 7 


Lemma 5.2 For any measurable funetion F: Poo —IR+, we have 




P(0 Pt,M)^Udi) 



F{-f)n,n{d'y). 


(5.2) 


Proof It is easy to check that { exp [(log(l + (p),-)] | (p G Pi } is stable under 
multiplication and that it contains a countable subset separating the points of Poo, so 
it generates i3(Poo)- Therefore, we only have to check (5.2) for F := exp [(log(l+<p), •)], 
p G Pi. But for such functions (5.2) immediately follows from Lemma 5.1. Indeed, 
(2.4) extends to all functions p: X ^ M+ which are increasing limits of functions 
Pn ^ T), n E N, such as log(l + J pdpt,,). Furthermore, // pdpt^,dm = J pdm, since 
is assumed to be conservative. ■ 

Now, we can easily hnish the proof of the theorem. It follows from Lemma 5.2 that, 
if A G i3(Foo) is of zero Xm measure, then Pt,'y{A) = 0 for Tr^-a.e. 7 G Foo- Moreover, 
using the Cauchy-Schwarz inequality and Lemma 5.2, we get 



P(OPt,,(dO T^m{dl)< 


\F{i)\^Pt,M)^m{di) 


'Too ^Too 


\F{'^)\^ Xm{d'l). 
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Thus, for each t > 0, we can dehne a linear continuous operator 


Pt : /.^(TocTTm) ^ /.^(PocTTm) 

by setting 

(P.FXt) - f F(0 PtMO- 

Too 

By Proposition 2.1 and Lemma 5.1, the action of the operator P* coincides with the 
action of the operator on the set { exp [(log(l + 99 ), •)] | 99 G "Pi }, which is total 

in L‘^(Too,'n'mJ (he., its linear hull is a dense set in L‘^(Too,'n'm))- Hence, we get the 
equality = P*, which proves the theorem. ■ 

In what follows, for a measurable function F on Poo, we set 

(PiF)( 7 ) := [ F(0 t > 0, 7 e Poo, (5.3) 

provided the integral on the right hand side exists. Hence, by virtue of Theorem 5.1, 
PfF is a TTm-version of F for each F G L^(Poo, TTm)- 

Remark 5.1 One can easily prove an explicit formula for the heat semigroup 
in the weak sense. More specihcally, we dehne for each f > 0 a function Rt: P 9 s:,o x 
Txfl M setting: Rtirf^e) := 0 if |? 7 | ^ \6\, Rti{0}, { 0 }) = 1 , and for 7 = {xi,.. .,Xn}, 
0 = { 1 / 1 ,...,i/n}, neN, 


Rt{v,0)-.= EH Pt{Xk: |/(7(fc)), 

<j£Sn k = l 

where pt{x,y) := p(t,x,y). Suppose that conditions (Cl) and (C2) are satished. Then, 
for arbitrary measurable functions Gi, G 2 : Px,o such that 



|Gi(6')| ■ [Rt{p,9) -k^ l<^2(h)l] >^m{dp) \m{d9) < 


00 


for alH > 0 


denoting the T*r-convolution with respect to the 7 variable), we have 


|PtFi(7)| 1^2(7)! 7 rm(d 7 ) < 00, 


where ^ 1 ( 7 ) = {KGi){'y), ^ 2 ( 7 ) = {KG 2 ){'j), and 


/ {PtF,){^)F2{j)7rm{dl)= / G,{9)-[Rt{y,9)^r,G2{v)]\m{dp)\m{d9). 

'Too drx,o drx,o 
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Now, we define a family of probability kernels on the space (Foo, i3(roo)) 

setting 

•= Pt, 7(^)5 7 ^ Too, A E i3(roo), t E M+, (5-4) 

where 

Po ,7 := £ 7 . (5.5) 

Since 7 1 —> PtF( 7 ) is measurable for F in the linear span of | exp [(log(l + (f), ■)] | 
99 G Pi } by Lemma 5.1, a monotone class argument shows that, indeed, 7 1 —>■ Pt( 7 , A) 
is i3(roo)-measurable for all A E jl3(r^). 

We hnish this section with the following proposition. 


Proposition 5.1 Let (Cl) and (C2) be satisfied. Then, (Pt)ieR^ is a Markov semi¬ 
group of kernels on (Foo, i3(roo))- 

Proof The Markov property of the kernels P^, i.e., Pt( 7 ,Foo) = 1, 7 G Foo, follows 
from Proposition 4.2. 

Let us show the semigroup property: PtP* = Pt+s, t,s E M+. To this end, we £x 
t, s > 0, 7 G Too, and A E i3(Foo). Then, by the construction of the measure Pt,.y and 
the semigroup property of the heat kernel on X, we get 

(P*P,)(7,A)= / P,,^(A)P,,,(dO= / Ps7y(7l)Pt,x(dy) 

7roo Jxf* 

= [ Fs,y{I~"A)^tAdy)= [ Ps,y(/-'7l)Pi,x(dy) 

JXN Jx^ 

= Pi+s,x(-^ ^A) = Pi_|_s^^(2l) = Pj_|_s(7, A), 


where x E I ^{ 7 }. B 

6 A strong Feller property of the heat semigroup 

Let us introduce a new metric di on the set Too as follows: 

6^1(71,72) := dv(7i,72) + |Pi(7i) - ^1(72)!, 7i,72 e Too. 

Evidently, convergence with respect to the d^o metric implies convergence with respect 
to the di metric. 

In this section, we shall show that the “concrete version” (Pi)tgR_^ of the heat 
semigroup (e“*^^)ieR_^ constructed in the previous section possesses a kind of strong 
Feller property with respect to the metric di, and therefore also with respect to d^c- 
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Theorem 6.1 Let (Cl) and (C2) hold. Let G: rx,o —^ M fee a measurable function 
satisfying the following condition-. 


Vc> 0 : f \G{r])\\m,{dr]) < oo, 


( 6 . 1 ) 


where, for each c > 0, Is the Lebesgue-Poisson measure on Fx.o with intensity 

mc{dx) := m{dx). (6.2) 

Then, for each t > 0, the function 


Too 3 7 ^ (Pt(iFG))(7) = [ {KGm ^ ^ (6-3) 

is continuous with respect to the metric di. 


Proof. Let 7 G Loo- By Propositions 4.1, 4.2 and the definition of correlation functions, 
we see that for each t > 0 the measure pt^.y is absolutely continuous with respect to the 
Lebesgue-Poisson measure Am, and the correlation functions of Pt,'y are given by 

n 

^t”V) = X] for 7 = and 0 = { 1 / 1 ,.. (6.4) 

(il,...,in)eN" ^ = 1 

where 

Denote 

( 6 . 5 ) 

dXrn 

so that kt^^{9) = k^f^^{9) for \9\ = n. 

By using (Cl), we get 


\kt{7,{yi, - ■ ■ ,yn}) \ < BE Pt{x,yk) 

k=l ^ xG 7 


< JJ ( ^ Cj exp [ - d{x, yk) ] 

k=l ^ xG 7 

- “ ^(^ 0 ’ [ ^(^ 0 ’ yi) + ■■ 


■ + d{xo,yn)]- 
( 6 . 6 ) 
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Hence, (6.1) and (6.2) imply that G G L^{VPt,'y)- Therefore, if 7 j —> 7 in 
Too with respect to di, by Proposition 3.2 and (6.5) we have to prove that 


G{r])kt{j\r]) \m{dr]) 


rf) \m{dr]) as j 00 . 


(6.7) 


L X,0 


- X,0 


First, we show that 


^ as j —cx) for each hxed 7 G rx,o- (6.8) 

Since 7-^ —7 in the di metric, we have, particularly, that 7-^ —7 in the dy metric. 
We claim that that there exists a numeration of the points of the conhgurations 7b 
j G N, and of 7 such that 

= Wk}'k=i, 7 = {xk}T=i, v/c G N : d{xi, Xk) ^ 0 as j ^ 00. ( 6 . 9 ) 

Indeed, let us £x any numeration of points of 7 such that 

7 = {xk}^^i, d{xo, Xk+i) > d{xo, Xk), k e N. 

Next, we fix positive numbers r„, n G N, so that 

r„+i > Tn, n G N, cx) as n —cx), 

Vx G ^[J7-’^ U 7 : d{xo,x)^rn, 

ki := l-ff] B{xo,ri)\ > 0, := I 7 n (H(a;o,r„) \ H(a;o,r„-i))| > 0 , n > 2. 

Since 7^ —7 vaguely, we then conclude that there exist ji G N such that 

17-^ n H(a;o,ri)| =/ci for all j > ji, 
and a numeration of the points of 7-^ fl B{xo, ri), j > ji, such that 

7-^ n B{xo, ri) = {xl}l^^^, xl Xk &s j ^ 00 for all /c = 1,..., ki. 

Next, there exist ^2 ^ N, j2 > ji, such that 

n {B{xo,r2) \ B{xo,ri))\ = fcs for all j > j2, 
and a numeration of the points of 7-^ fl {B{xq, r2) \ B{xq, ri)), j >32, such that 

7^ n ,7) \ B(i„, r,)) = { 4 }ttu. 

Xk 3 .S j ^ 00 for all k = ki + 1 ,ki + /c2. 
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Continuing this procedure by induction, we get for each < J < jn+i a numeration 
of the points of 7-^ nB{xQ, rn)- For such j we choose an arbitrary numera¬ 
tion of 7-^ n-B(a;o, and therefore obtain a numeration of 

7j. Since cx), we thus have a numeration of all 7-^ with j > jd (for the hrst ji — 1 
conhgurations, we again take an arbitrary numeration). Now, for any hxed I G N, take 
the minimal n{l) G N satisfying xi G B{xo, rn(i)) (this n(/) always exists since —> cx)). 

Then, ki + - ■ ■ + kn{i)-i + l < / < /^i + - ■ ■ + ^n(z) (where ki + - ■ ■ + kn{i)-i ■= 0 if n(/) = 1 ). 
By induction, the sequence {.x^k)T=jn(i) converges to x^ as j ^ 00 for each k satisfying 
ki + ■ ■ ■ + kn{i)-i + l < k < ki + ■ —h kn(i), which immediately yields that the sequence 
{xD'^i converges to xi as j ^ 00 . 

According to (6.4), (6.8) is, therefore, equivalent to the convergence 

n n 

z n pt{xl,yk) z n Pt{xi^,yk) as j ^ 00 (6.10) 


for each hxed {yi,, yn) G X”, n G N. 

We now claim that, for any hxed e > 0, there exist J, X G N such that 

00 00 

Vj > J : exp [ — (i(a;o, x]^ ] < e, exp [ — (i(a;o, x^) ] < (6.11) 

k=K+\ k=K-\-l 

Indeed, choose any K E N such that 


exp [-d{xo,Xk)] < |, 

k=K+l 

then choose any Ji G N such that 

K K 


Vj > Ji ; 


Y exp [ “ d{xo, xD] -Y exp [ - d{xo, Xk) 


k=l 


k=l 


< 


3’ 


and hnally take any J 2 G N such that 


Vj > J2 : 


^ exp [ - d{xo, 4) ] - X] exp [ - d{xo, Xk) ] 


k=l 


k=l 


e 

< -. 
3 


( 6 . 12 ) 


(6.13) 


(6.14) 


Then, it follows from (6.12)-(6.14) that (6.11) holds with K as above and J := 
max{ Ji, J 2 }. 

Now, we conclude from (Cl) that, for each hxed f > 0 and y E X, there exists 
constt^j^ > 0 such that 

Pt{x, y) < constt,j^ exp [ - d{xo, x) ]. (6.15) 
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Thus, from (6.9), (6.11), and (6.15), we easily derive that 

OO 

^\pt{x^k^y)-Pt{xk,y)\^^ asj^oo. (6.16) 

k=l 

Thus, (6.10) holds for n = 1. 

Next, we show that (6.10) holds for n = 2, i.e., 

OO 

^ Pt{xl^,yi) Pt{xi,y 2 )-Pt{xi,,yi) Pt{xi„y 2 ) ^0 as j ^ oo. 

*1 = 1 *2 GNj*2^*1 *2SN, * 27^*1 

(6.17) 

It follows from (6.9) and (6.16) that, for each ii G N, 

pt{xi,yi) Y ^Pti^ii^yi) Y asj^oo. ( 6 . 18 ) 

* 2 GNj *27^*1 * 2 GN, * 27^*1 

Moreover, we get from (6.16) that 

OO 

Y ^ 5^Pt(a^i,l/2) < const Vj G N. (6.19) 

22 €N, 227^^1 22 = 1 

Thus, we obtain (6.17) from (6.11), (6.15), (6.18), and (6.19). 

Continuing this way, by induction we prove (6.10) for each n G N. 

By virtue of the majorized convergence theorem, it still remains to verify that all 
the functions G{-)kt{'y^, ■) are majorized by a function from L^(Am). But it follows 
from (6.6) that 

l^i(7^ {yi, ■ ■ ■,yn})\ < const” exp [d{xo,yi) H-h d{xo,yn)]. 

Thus, (6.1) implies the assertion of the theorem. ■ 

We have also the following theorem. 

Theorem 6.2 Let D denote the set of all measurable functions G = (G*^”^)^q on rx,o 
such that there exist e = e{G), G = G{G) > 0 such that 

o Tn{xi, ...,Xn) \ < C”exp [ - (1 + e){d{xo,Xi) H - h d{xo,Xn))], (6.20) 

(a;i,...,a;„) gX”, n G N. 

ITe define 

B:={{KG) (Too |GgD}. 

Then, 

Vp > 1 ; D C T^(roo,7rm) (6.21) 
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and 


Vt > 0 : PtD C D. 

( 6 . 22 ) 

Furthermore^ for eaeh F G D, P^F is a continuous funetion on Foo 
metrie di. 

with respect to the 

Proof. By virtue of (4.15), (6.20) implies (6.1), and hence by Theorem 6.1, PjF is a 
continuous function on Foo with respect to di for each F G D. 

Next, D C L^(Fx,o, ^m), and therefore, by Proposition 3.2, 

D C L^(Foo,7r,„). 

For each 7 G Fx,o, Xlecr? ^ ~ which yields that 

(6.23) 

l<6-4l’?f. 

(6.24) 


(dl,d2,d3)e'P3{r]) 


By (6.24) and definition (3.5), we get that Gi * G 2 ^ D for arbitrary Gi,G 2 G D. 
Consequently, by (3.6), 

Fi ■ F 2 G D, Fi, F 2 G D. (6.25) 

From (6.23) and (6.25), we get (6.21). 

Finally, let us show that the set D is invariant under the action of Pt. By (4.7) and 
(4.8), we have 

(P,(i7G))(7) = (i7(P,G))(7), 7 e F^, G G D, (6.26) 

where PjG = ((PtG)("'))))Co is given by 

(P,G)(°) = G®, 

(PtG)^”) o T„(a;i,... ,a;„) = f G^*") oTn{yi,... ,yn) Pt,xAdyi) ■ ■ -Pt^xMyn), 

Jx^ 

{xi, ...,Xn) G X”, n G N. 

Now, by using (Cl), we derive, for G = (G*^"'^)))Cq satisfying (6.20) with some £ > 0 
and G > 0, 

\(PtG)^^^oTn{x^,...,Xn) \ < 

< / G”exp [-(l + e)(ci(a;o,i/i) H- V d{xQ,yn))] 

Jx”- 

x{G^)"'exp [ - (1 + ^){d{xi,yi) H-h d{xn:yn))] rn{dyi) ■ ■ -m^dyn) 

< (GGi)”exp [- (1 + f){d{xo,xi) ^ - Vd{xo,Xn))] (^j exp [ - ^d{xo,y)] m{dy)^ 
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Hence, because of (4.15), PjG G D, and (6.22) follows from (6.26). ■ 

For an arbitrary measurable, bounded, symmetric function ..., Xn) on 

n G N, with bounded support, one can introduce the following monomial on Too of 
n-th order with kernel 

Too 9 7 ^ ■ 7 ®” :) := GG){x,, ..., a;,) = {KGG)){j). 

{xi,...,x„}C'y 

It is natural to call a hnite sum of functions of such type and a constant a cylindrical 
polynomial on Foe. with bounded coefficients. We denote by XV^ciToo) the set of all 
such polynomials on Foo- Thus, XV^ci^x) is nothing but the image of the set Hbs(rx,o) 
under the i^-transform. 

Since every function G G Hbs(rx,o) satishes (6.20), we get the following consequence 
of Theorem 6.2: 

Corollary 6.1 We have the inclusion iFVhci^oo) C D. In particular, for each polyno¬ 
mial F G .F’Pbc(roo), the function PtF is continuous on Too with respect to the metric 
di- 


A measurable function F : Too —M is called local if there exist an open, relatively 
compact set A C X and a measurable function F : Fa,o —^ IR such that F(7) = F(7 a) 
for all 7 G Too- The following corollary is an analog of the classical strong Feller 
property for the heat semigroup on the conhguration space. 

Corollary 6.2 Each measurable bounded local function F: Foo —^ 1^ belongs to D, and 
hence the function P^F is continuous on Fqo with respect to the metric di. 

Proof. Let F( 7 ) = F( 7 a) with A and F as above. By [18, Proposition 3.5], one can 
explicitly calculate the inverse F-transform of F: 

r^(_l)IAe|^(0), ifr/eFA.o, 

(F-^F)(7) = I ocv (6.27) 

I 0 , otherwise. 

Set G = ;= K~^F. Let G := sup |F|. Since Xlecr? ^ we conclude from 

(6.27) that, for each n G N, {G^l ^ 0} C Fj(^^ and is bounded by the constant 

G2^. Therefore, G G © and F = KG G D. ■ 

Remark 6.1 Let t > 0. Asa consequence of Corollary 6.2 we have that any Markovian 
kernel P^ on (Foo,H^Foo)) such that P^F is continuous with respect to di and PtF is 
a TTm-version of F for each measurable bounded local function F ; Too —^ K must 
coincide with P^. This follows from the fact that Xm{U) > 0 for any nonempty set 
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U G i3(roo) which is open in the topology generated by the metric di. The latter can 
be proved as follows. For any hxed 7 G Too and e > 0, there exist R > 0 and 5 > 0 
such that for each r > R 


7rm(di(7,7) < £) 

> TTmidKilArHAr) < 1^1 (TaJ “ 5i(7aJ| < 5, Bli7A-) < 5) 

= 7rm(dK(7A,,7Aj < d, |5i(7aJ - Bi{'jAr)\ < d) TimiBii'jA-) < d). (6.28) 

Here, := {x G X : d{xo,x) < r} and the functional Bi is dehned on the space rx,o 
by the same formula (4.12). The hrst factor in (6.28) is obviously positive, while the 
positivity of the second factor for sufficiently big r > 0 is implied by 


1 = nm{Bi{-f) < oo) 




U{^i(7a?) < ■5} 


lim 7 rm(Hi( 7 Ac) <5). 

r^oo 


7 Feller property of the heat semigroup with re¬ 
spect to the intrinsic metric of the Dirichlet form 

For presenting another type of Feller property of the heat semigroup (e“*^^)tg]R_^, we 
shall need the space Fx of all Z,+-valued Radon measures 7 on X such that 7 (X) = 00 . 
This space is the closure of Fx in the c^k metric. The space Fx is equipped with 
the topology induced by the vague topology on A4{X), and let i3(Fx) denote the 
corresponding Borel a-algebra. 

Furthermore, let 

Fn := { 7 e Fx : Bn{'y) < 00 }, 

where Bn is as in (4.12), but dehned on all of Fx. Let Foo := n^i^n- We extend 
the metric doo to Foo using the same formula (4.14). The Borel a-algebra i3(Foo) 
corresponding to the doo metric coincides with the trace a-algebra of i3(Fx) on Too. 

Let X^ denote the (i3(X^)-measurable) subset of X^ consisting of those {xi,X 2 , ■ ■ ■) G 
X^ for which the number of the XkS in any compactum in X is hnite. Evidently, one 
can identify Fx with the factor space X^/Soo- Analogously to (4.3), we dehne the 
corresponding quotient map /: X^ —Fx by 

X^ 3 X = (xi, Xa,...) -> Jx ;= [xi, x^...] G fx, (7.1) 

which is measurable, as can be seen by similar arguments as those following (4.3). 

For each f > 0 and 7 G Fx, we dehne the measure Pt,.y on Fx as the image under the 
mapping (7.1) of the restriction to X^ of any measure Pt,xkJ ^ = {xk)T=i ^ 
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/ ^{ 7 } (the resulting measure is independent of the choice of x G / ^{ 7 })- Thus, by 
Lemma 4.1, is either a probability measure or zero measure on Tx depending 
on whether the series Yl^=i'Pt,xk{.^) converges for each compact A C X, or not, and 
Pt, 7 (rx) = Pt, 7 (rx). In the same way as we proved Proposition 4.2, we conclude that, 
for each 7 G Poo, 

Pt,7(1^00) = Pt,7(roo) = 1- 

Following [34], we introduce the L^-Wasserstein type distance p on Px setting, for 
any 71 = [xi, X 2 , ■ ■ ■] and 72 = [pi, 1 / 2 , • • • ] from Px, 


p(7i,72) 


inf E d(^Xk , ya(k )) 


k=l 


1/2 


a 




(7.2) 


Notice that p is a pseudo-metric, i.e., it takes values in [0, cx)]. Obviously, convergence 
with respect to p implies vague convergence. We recall that p is the intrinsic metric of 
the Dirichlet form obtained as the closure of (2.7), see [34]. 

Analogously to (5.3), we set for a measurable function F on Px: 


(PiF)(7) := [ F(0 Pt,7(^^0, 7 e fx, t > 0, (7.3) 

Jtx 

provided the integral on the right hand side of (7.3) exists. 

In the rest of this section, we shall be concerned only with the case X = R'^. Let 
us recall that the heat kernel has now the form 

pit, X, y) = ( 47 rt )“'^/2 [ - -y?]- (7-4) 

We shall show that the space Op^b(rRd) of all bounded functions on P^d which are 
continuous with respect to the p metric is invariant under for all t > 0 . 


Theorem 7.1 IFe have: 

Pi(Cp,b(rRd)) c c'p^b(r]Rd), t > 0. 

Proof. First, we note that the distance p can be extended from F^d = R'^^/S'oo to the 
bigger space (R'^)^/S'oo by using the same formula (7.2) for calculating the distance 
between any 71 = [xi, X 2 , ■ ■ ■] and 72 = [pi,P 2 , • • • ] from (R‘^)^/S'oo. 

It follows directly from (7.2) that, if 71 and 72 are two elements of (R'^)^/S'oo having 
hnite p distance, then 71 G F^d implies 72 G F^d. Therefore, any function F G Cp,b(r]Rd) 
can be extended to a continuous bounded function on (R‘^)^/5'oo, again denoted by F, 
as follows: 

F [((RT/^^)\rM^:=0. 
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Then, (7.3) yields 


(PiF)(7) = / 7 = [a;i,a;2,...] e Tr^. (7.5) 

fc=i 


Notice that, in this formula, F is considered as an S'oo-invariant function on (M'^)^. 

Since F is bounded, so is the function PtF, and we only have to prove the continuity. 
To this end, let 7 -^ —7 in the p metric. By Lemma 4.1 in [34], there always exists a 
representative (a;;(,)^;^ of 7 -^ such that 


J e N. 


1/2 

P(7^7) = ( ^\xi-Xk\ 

^ k=l 

(7.4) and (7.5) imply 

« 00 

(P,F)(7^') = / F{y,Fxly2 + xl...) (g)pt(« 

fc=i 


(7.6) 


(7.7) 


Pt(dy) = (4iri) ■'''^exp [ - i lyp] dy. 


Since the integrand in (7.7) is a bounded function, it suffices to show that for any fixed 

(yjr., e (»“)" 

F(yi + arj, 92 + ...) ^ + Xi,y2 +X2, ■ ■ ■) as j ^ oo. 

But this follows from the fact that F is continuous in the p metric and from the 
convergence 

p{[yi+x>i,y2+x>2^---]Ayi+Xi,y2Fx2,...]) < {^\ykFx{-yk-Xk\^\ =p(7^.,7)^0 

fc=i ' 


as j —> cx), which, in turn, is implied by (7.6). ■ 

Remark 7.1 Theorem 7.1, in particular, yields that if Tr^ is of full Pt,'y measure 
for some 7 G Trij, then it is also of full Pt,y measure for each 7 ' G Tr^ such that 
< oo- For it suffices to note that 1 G Cp^b(rRd) and (Pil)( 7 ) = Pi^..y(rx). 

Finally, we shall present another version of the latter theorem. Let C'p^b(Foo) denote 
the space of all bounded functions on Too that are continuous with respect to the p 
metric. It is easy to see that each element of {W^)^/Soo having a finite distance to 
Too itself belongs to Too. Therefore, any function F G Cp^b(roo) can be extended to a 
function from Cp^b(rRd) by setting F to be equal to zero on TRd \roo. We note that the 



convergence on Too with respect to the p metric implies the convergence with respect 
to the doo metric. 

Since for each 7 G Too the measure is concentrated on Too, we get the following 
corollary of Theorem 7.1: 

Corollary 7.1 We have: 

Pt(C'p,b(roo)) c c'p,b(roo), t > 0 . 

8 Brownian motion on the configuration space 

We again consider the case of a general manifold X. Analogously to (5.4), (5.5), we 
dehne the family of kernels (Pt)teR_,_ on the space (Too, i3(roo)) setting 

Pt(7)^) •= Pt, 7 (A), 7 G Too; A G i3(roo), t G M+, 

where Pt^.y, t > 0, 7 G Tx, is defined as in the previous section and 

Po,7 • 

Analogously to Proposition 5.1, we conclude that (Pt)tgR+ is a Markov semigroup of 
kernels on (Poo, i3(roo))- 

In this section, we shall give a direct construction of the independent inhnite particle 
process. Under some additional conditions on the manifold X, we shall show that 
the resulting process is the unique continuous Markov process on Poo with transition 
probabilities Pt( 7 , •). (We note that we are forced to deal with the space Pqo, rather 
than Poo, because in the general case we cannot exclude collision of the particles, see 
Corollary 8.1 below). 

First, we strengthen a little bit condition (Cl) by requiring the following stronger 
upper bound: 

(CP) For each t > 0, there exist dt G (0,t), Ct > 0, and e* > 0 such that 

p{s,x,y) < Ctexp [- d{x,yY"^^^], s G {t - idt,t +'dt), x,y e X. 

Evidently, (4.9) and (4.11) imply (Cl'). 

Let us introduce the function 

r((5, r):= sup sup / p{t,x,y) m{dy), <5 > 0 , r > 0 . 

tG(0,(5] x£X JB{x,rp 

Because of (2.2), T{6,r) < 1 for all 6,r > 0, and for each hxed r > 0 T{-,r) is an 
increasing function on ( 0 , cx)). 
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Let f2 := C'(M+;X) denote the space of all continuous functions (paths) from M+ 
to X, and let T be the product a-algebra on hi, i.e., 

T ;= a{xti t G M+}, (8.1) 

where hi 9 a; i—> Xt{oj) := oj{t) G X. For each x E X, let Px denote the measure on 
(n, P) corresponding to Brownian motion on X starting at x. 

We shall need the following lemma. 

Lemma 8.1 Let 0 < a < b with b — a < 5. Then, for each x E X and r > 0, 

Px{^s,t E [a,b] : {s), u(t)) > r)) < 2t{S, ^r). 

Proof. This lemma is a straightforward generalization of [30, Appendix A, Lemma 4], 
which deals with the usual Brownian motion on W^. However, for completeness, we 
present a proof of this lemma in the Appendix. ■ 

We suppose: 

(C3) For each hxed r > 0, 


o 

T 

as 5 —0, 

(8.2) 

and there exist 5 > 0 and C > 0 such that 



r(5, r) < Ce~'', 

r > 0. 

(8.3) 


The following simple lemma gives a sufficient condition for (C3) to hold. 

Lemma 8.2 Suppose that the manifold X has nonnegative Ricci curvature and the 
heat kernel pit, x,y) of X satisfies the Gaussian upper bound for small values oft: 

p{t, X, y) < Ct~"'^‘^ exp 

where n G N and 6, C, and D are positive constants. Then, (C3) is satisfied. 

Remark 8.1 Concerning the Gaussian upper bound (8.4), see e.g. [10, 14, 15] and the 
references therein. In particular, (8.4) is implied by the estimate 

p{x,x,t) < t > 0, X E X. 


d{x,yy 

Dt 


t E (0,5], x,y eX, 


(8.4) 
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Proof of Lemma 8.2. Fix r > 0, then for t G (0, 5] and x E X we get, by (4.10) and 
(8.4), 


' B(x^rY 


p{t,x,y)m{dy) < 


C^-n/2 


• B(x,r)^ 


exp 


< const 1 


exp 


1 / d{x, yf 


< const 1 exp 


n=l 


J B{x^r) 

1/^2 ^ _ X )2 

t\m 


d{x,yf 

Dt 


m{dy) 


m{dy) 


D 


t\2D D 

m(^B{x,r + n) \ B{x,r + n — 1)) 


< const 2 exp 


n=l 


1 / 

(r + n — 1)^\ 

_t\^ ~ 

D )\ 


(r + nY- 


(8.5) 


Since each term of the latter series monotonically converges to zero as t —> 0, we get 

( 8 . 2 ). 

Next, because t( 5, r) is bounded by 1, it is enough to verify that (8.3) holds for all 
r > R with some i? > 0. Now, analogously to (8.5), we get for each t G (0, 5] and r > 1 


' B{x,ry 


pit, X, y) midy) < consts exp 


n=l 


1/1 (r + n — 1)" 


/ \‘^D 


D 


(r + nf 


< const 4 exp — 2(r + n — 1) + (r + n) = const 4 e ^ i 


n=l 


n=l 


which yields the statement. ■ 

Theorem 8.1 Let (Cl'), (C2), and (C3) hold. Then, the independent infinite particle 
process can be realized as the unique continuous, time homogeneous Markov process 


M = in,F,iFtfeR^,ie, 




; i^t)tm+) 


on the state-space (Foo, i3(roo)) with transition probability function (Pt)teR+ (c/. e.g. 

[9]). 

Proof of Theorem 8.1. Let us consider the set 12^ and the product a-algebra Co-(12^) 
on it that is constructed from the a-algebra tF on 12. 

We £x any x = (xfc)^;^ G such that 


^ exp [ - 4 d{xo. Xk) ] < oo Vn e N 


( 8 , 6 ) 


k=l 
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and define the product measure 


Px • — DO Pxk 


on 

By using (4.16), we conclude from (8.6) that 

p oo oo 

/ y] [ “ n ^(^0, Vk) ] Pt,xfc (dyk) 

k=i k=i 

OO p 

= exp [-^d(a;o,|/)]pt,a;fc(d|/) < oo 


for all f > 0 and n G N, which yields that, for each fixed t G M+, 

OO 

exp [ — ^d{xQ,uJk{t))] < oo for all n G N and Px-a.e. u = {ujk)'^^i G 

k=l 

in particular, {uk{t))'^=i G for such u G (8.8) 

Lemma 8.3 For each fixed t G M+ and x = {xk)'fiLi G satisfying (8.6), we have 

( OO OO \ 

uni d{uk{s),ujk(t)) < max{l, ^ d{xo, u!k{t))} Vs G (f, f + }] } j =1. (8.9) 

i=l k=l ' 

Proof. First, we will prove (8.9) for f = 0. Thus, we have to show that 

( OO OO \ 

un { d{uk{s),Xk) < max{l, i d{xo, Xk)} Vs e (0, 4] } j = 1, (8.10) 

i=lk=l ' 

or equivalently 

( OO OO \ 

nui 3s G (0, 4] : d{ixik{s),Xk) > max{l, 4 d[xQ, Xfc)} } j =0. (8.11) 

i=\k=l ' 


Since 


pdnui 3s G (0, 4] : d(a;A:(s),a;fc) > max{l, | ci(a;o, x^)} } 


lim Px Ul 3s G (0, 4] : d(ixik{s),Xk) > max{l, 4 d{x^, a;*,)} } j, (8.12) 
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we have, by Lemma 8.1, 


Px ( IJ { 3s e (0, j] : d{uJk{s),Xk) > max{l, i d{xo, } j 

^ k=l ^ 

oo 

- ^ (O’ 7 ] • A^k{s),X],) > max{l, |(i(a;o,a;fc)}) 

k=l 

00 

= X] ^ (O’ ?] : d{u:{s),xu) > max{l, i d{xQ, Xk}) 

k=\ 

00 

< 2^r(f,max{i, |d(a;o,a;fc)}). (8.13) 

fc=i 

By (8.2), 

r (4, max{i, I (i(a;o, Xfc)}) —0 as i ^ 00 (8-14) 

for each Xk- On the other hand, it follows from (8.3) that, for any i G N satisfying 
i < (5, the latter series in (8.13) is majorized by the series 

CXD 

20^ exp [ - max{i, |d(a;o,a;fc)}], 

k=l 


which converges due to (8.6). Hence, (8.11) follows from (8.12)-(8.14), and the mono¬ 
tone convergence theorem. 

Next, using the Markov property of Brownian motion on X, we easily conclude that 


Pxf U n {d{,>^k{,s),Uk{t)) < max{l, id(a;o,o;fc(t))} Vs e 


i=l k=l 


Pt,x(<iy) Pyl U n { < max{l, !//.)} Vs e ( 0 , i| } j, 

(8.15) 


i=l k=l 


where Pt,x is the distribution of u{t) = {ujk(t))'^i under Px. Now, (8.9) follows from 
(8.8), (8.10), and (8.15). ■ 


Lemma 8.4 For each fixed t > 0 and x = {xk)'fiLi G satisfying (8.6), we have 

( OO OO \ 

IJ Pi { d{uk{t - |),a;fc(s)) < max{l,ld{xo,Uk{t - i))} Vs G (t - i,t] } j = 1, 

i=1t k=l ^ 

where X* := [t“^] + 1 ([a] denoting the integer part of a > 0). 
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Proof. It is enough to show that 


^Ihn Pxt [J { 3s e (i - |,i] : d(u;k{t - ■|),LSft(s)) > raax{l, i d(xo,cSfc(i - 7))} ^0. 

(8.16) 

Using Lemma 8.1, we get 

OO 

IJ { 3s e (t - i,t] : d{uJk{t - j),Uk{s)) > max{l, ^ d{xo,uJk{t - 7 ))} } 


fc=i 


< ^ Pxu (3s e (t - 

k=l 

OO « 

= V / m{dy)p{t 

k=i 

OO „ 

< V / m{dy)p{t 

k=i 


\,t] : d{uj{t - 7 ),a;(s)) > max{l, i ^(xo, o.;(t - i))}) 

- \,Xk,y)Py{^s e ( 0 , 7 ] : d{y,u{s)) > ma^{l,\d{xQ,y)]) 

- \,Xk,y)2T{\,max{\,\d{xQ,y)}). (8.17) 


Now, it follows from (8.2) that 

p(t - 7 ,a;fc,|/) 2 r( 7 ,max{i, |d(a;o,|/)}) ^ 0 as f ^ cx) (8.18) 

for each Xk and y E X. Next, by (Cl') and (8.3), we have, for i > max{-d7^, <5“^}, 

p{t - 7 , Xk, y) 2 r( 7 , max{i, | d{xo, ?/)}) 

< C^exp [- d{xk,yf""^^]2Ce-xp [ - max{i, | d(a;o, y)} ] 

< const exp [ - ^ d{xk, y) - max{i, | d{xo, |/)} ] 

< const exp [-jh exp (i(a;o, y) - max{i, | (i(a;o, y)} ]. (8.19) 

Hence, by ( 8 . 6 ), (8.17)-(8.19), (4.15), and the dominated convergence theorem, we get 
(8.16). ■ 

From ( 8 . 6 ), ( 8 . 8 ), and Lemmas 8.3 and 8.4, we get the central lemma of the proof: 
Lemma 8.5 Let x G satisfy ( 8 . 6 ). For t > 0 and i > It, we set 


■ 


[ J I g; € exp — ^d{xo,uJk(t — j)) < cx) Vn G N, 


i=it 


k=l 


d{uJk{t — j), a;fc(s)) < max{l, 4 d{xo, uJk{t — j))} ^s E {t — j, f] V/c G N 
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exp [ - i d{xo, u!k{t)) ] < cx) Vn e N, 

k=l 

d{uk(t),ujk{s)) < max{l, i d{xo,Uk(t)) Vs G {t,t + ^], V/c G N 
and for t = 0 and i eN, we set 

^t,i = Ao,i := {a; G : d{xk,uJk{s)) < max{l, | d{xo,Xk)} Vs G (0, i] V/c G N }. 
Then, 

0 = ^Um Px(Ai,i) = 1 


for each t G 


Let D ■= R+ n Q (Q denoting the set of rational numbers), and D = We 

consider arbitrary numbers Sip > 0, /,p G N, such that ^ for each p E N, 

and 


lim y^sip = 0. 

1 —^rv~) • ^ 


p^oo 


1=1 


For each /,p G N, we choose an fp E N such that 

which exists due to Lemma 8.5. Then, we set 


( 8 . 20 ) 


( 8 . 21 ) 


Ap 


By (8.20), (8.21), and (8.22), 


1=1 


lim Px(Ap) = 1. 

p^oo 


For each p G N, let us consider the set 


( 8 . 22 ) 


(8.23) 


Tp ■= R+ n 


[Jiti-hp\ti + hp^) 


'- 1=1 


hp > + hp 

Tp = R+ \ Tp, where Tf, is countable. We set 


Since the set ~ + hp^) open in R, and since Tp is dense in R+, we have 


Ap!— Ap n 


n u 


*- t£T^ i=It 
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By Lemma 8.5, we get 


IPx(Ap) — Px(.^p)- 


(8.24) 


Finally, we set 

OO 

A ;= IJ Ap. (8.25) 

p=i 

Therefore, by (8.23) and (8.24), we get 

Px(A) = 1. (8.26) 

Lemma 8.6 For any u E A and n eN, we have 

OO 

Vt e M+ : Bn{uj(t)) ;= ^ exp [ - i d{xo, ujk(t)) ] < oo, 

k=l 

and moreover, the mapping 

M 3 t I —> Bn{pj{ty) E K. 

is continuous. 

Proof. We note that, if B 2 n{uj(t)) < oo and if there exists an interval (a, b) C M+ such 
that t E [a,b] and 

d{uk{s),ujk(t)) <max{l,ld{xo,uJk{t))}, sE (a, 6), 

then the series 

OO 

^exp [-id(a;o,o;fc(s))], s E {a,b), 

k=l 

are majorized by the convergent series 

OO 

[ - ^d{xo,uJk{t))]. 

k=l 

Hence, the statement follows from the construction of the set A. ■ 

Now, we define the action of the group Soo on by 

f^((Wfc)^l) := {uJaik))T=l, CT e ^oo- 

Evidently, the set A is invariant under the action of Soo. We introduce the factor 
space ff^/S'oo consisting of factor classes [uji,uj 2 , ...]. Analogously to (4.3) and (7.1), 
we introduce then the mapping 

3 u = {uJk)^=i = [<^i, WI 2 , . . . ] G SoQ. 
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Lemma 8.7 We have 


lA C C'(M+;roo), 

where C(M+; Too) denotes the set of continuous mappings from R+ into Too- 

Proof Taking notice of Lemma 8.6 and of the definition of the metric space Too, it 
remains only to show that, for each hxed G A, the mapping 

M+ 3 t H-> {uk{t)}^^i G Too (8.27) 

is vaguely continuous. 

To this end, let us £x any t G M+ and any ball B{xQ,r) of radius r > 0. Then, 
there exist £ > 0 and K eN such that 

OO 

exp [ — d{xo, ujk{s)) ] < e~^, s G M+ D {t — e,t + e) 

k=K 

(see the proof of Lemma 8.6). Hence, 

ujk{s) ^ B{xo, r), k > K, s e n {t — e,t + e), 

which, together with the continuity of each ojk as a mapping from M+ into X, implies 
the vague continuity of (8.27). ■ 

Thus, by Lemma 8.7, we have that 

I; A^ll;=C'(R+;foo). 

Denote the trace a-algebra of Co-(D^) on A by Co-(A). Let F be the product a-algebra 
on n = C(R+; Too) generated by the a-algebra i3(roo): 

F := (t{Xj, t G R+}, 


where 

Xt{u) := u{t). 

Since the mapping I: fx dehned by (7.1) is measurable and since i3(foo) is 

the trace a-algebra of B{Tx) on Too, we easily conclude that the mapping I is Co-(A)- 
F-measurable. Because of (8.26), we can consider Px as a probability measure on 
(A,Co-(A)) and let Px denote the image of this measure under the mapping I. Thus, 
Px is a probability measure on (Q, F). 

For each a G Soo, the measures Px and Po-{x) evidently coincide, and so for each 
7 £ Too, we can introduce the probability measure P.^ := Px, where x is an arbitrary 
element of the set 
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Finally, we introduce the sub-a-algebras Fj := ajXs, s < t} and the translations 
{6too){s) := oo{s + t), t G M+. Thus, we get 

(f2, F, {Ft)teR+, {Ot)t&R+, 0^t)t£R+)- (8.28) 

It follows directly from our construction that (8.28) is a realization of the independent 
inhnite particle process. 

For a hxed 7 G Foo, the hnite-dimensional distributions of the process under P..,, 
are given by 


P(Xj^ G v4i , Xt2 G v42, . . . , Xt„ G An) — Px ^ Ai, Xj2 G y42 , . . . , X^^ G A„ 
= Px(cc;(ti) G I ^Ai,uj{t2) G I ^^2, . . . ,Uj{tn) G I ^An) 


'/-lAi 


Pti(x,dxi) 


'/- 1 A 2 


Pt 2 -ti(xi,dx 2 )... / Pt„_t^_j(x„_i,cix„) 




= / Pii(7,C?7l) / Pt2-ii(7l,C?72) • • • / Pt„-t„_i(7n-l,d7n), 




' A 2 


0 < ti < t2 < ■ ■ ■ < tn, Ai, A 2 , . . . ,An E i3(foo) 


where Pt(xj, dxj) := Pi xi(dxj) and x is an arbitrary element of Thus, the hnite- 

dimensional distributions of X^ are determined by the Markov semigroup of kernels 
(Pt)tGR+- Hence, it follows that (8.28) is a time homogeneous Markov process on 

(Foo,H(Foo)) with transition probability function (Pt)teR^ (see e.g. [ 8 , Ch. 1 , Sect. 3]). 

Finally, we note that any measure on the space (0,F) is uniquely determined by 
its hnite-dimensional distributions, and therefore the constructed continuous Markov 
process is unique. ■ 


Remark 8.2 It is easy to see that the process (Xt)teR^constructed in the course of 
the proof of Theorem 8.1 is even Markov with respect to the hltration (Ft+)teR^, where 
Ft+ •= flsM Fo 

The following corollary states that, if the dimension d of the manifold X is > 2, 
then the process X^ starting at 7 G Too lives with P..y-probability one in Too, i.e., the 
particles never collide (compare with [35]). 

Corollary 8.1 Let (Cl'), (C2), and (C3) hold, and let d > 2. Then, the independent 
infinite particle process can be realized as the unique continuous, time homogeneous 
Markov process 


M — (R, F, (Ft)teR^, {9t)teR+, (P7)7Groo) {^t)teR+) 


on the state-space (Foo,H(Foo)) with transition probability function (Pt)tgR_,_. 
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Proof. First, we claim that, if d > 2, then 

-Pxi ®-Pa;2(3t > 0 : a;i(t) = a;2(t)) = 0, xi,X2^X, (8.29) 

i.e., two independent Brownian motions on X never collide. 

In the Euclidean case X = this is a direct consequence of a classical result from 
potential theory. Indeed, a;i(|) — is standard Brownian motion on R'^ starting 

at Xi — X 2 , and therefore (8.29) is equivalent to the equality 

> 0 : uj{t) = O) = 0, 

which is true since points are polar for Brownian motion on R*^ if d > 2 (see e.g. [31, 
Proposition 2.5]). 

In the general case, to prove (8.29) one can follow the idea of [35]. First, we note 
that (8.29) is equivalent to 

Pxi ® Px 2 {^t > ^ ■ ^i{t) = =0 Vn e N. (8.30) 

Using the Markov property, we have 


Pxi ® Px2{'^t > = 



m{dyi)m{dy2)p{^,xi,yi)p{^,X2,y2) Pyi ® Py2{^t > 0 : ui{t) =u2{t)). 


(8.31) 


By virtue of (8.30) and (8.31), it suffices to verify that the equality (8.29) holds only 
for m'^^-a.a. {xi,X 2 ) G 

There exists a countable, locally hnite covering of the manifold X such 

that each t/W jg ^n open set in X diffeomorphic to the open cube (—1, l)'^ in R^. 
Furthermore, two independent Brownian motions on X which start respectively at xi 
and X 2 form a Brownian motion on the manifold X^ starting at the point {xi,X 2 ). 
Hence, our problem can be reduced to the following one: Show that 

Pixi,x 2 ){^t > 0 : uJi{t) = uJ 2 {f) G = 0, for m®^-a.a. {xi,X 2 ) G X^, i,j G N, 

(8.32) 


where is the subset of that is diffeomorphic to the open cube 


C, := + 

Let us consider the Dirichlet form that corresponds to Brownian motion on X^: 


/ [{^xrfixi:X2),V^^g{xi,X2))T,^iX) 


/X2 


{^x 2 f(xuX 2 ),V^^g{xi,X 2 ))T,^{x)] m{dxi)m{dx 2 ). (8.33) 
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The bilinear form £ is defined first for f,g& 'D®‘^ = C^{X‘^), and then it is closed. 

Since X 2 ) G : xi = 0 : 2 }) = 0, to prove (8.32) it is enough to construct 

a sequence {un\’^=i C Dom(T) such that m„’s converge pointwisely to the indicator 
function of the set {{xi^X 2 ) G : Xi = X 2 ^ sup„T(m„,m„) < cx) (see [35]). 

By using the representation of the Dirichlet form £ in local coordinates on , we 
get, for any function / G Dom(T) having support in 




df 


E 

k,l=l 


df 


df 


9 ( 2 ^ 1 ) ^ 2 ) -7^{xu X 2 ) 


dx\ 


df 


+ 9 ix2)^iXl,X2)-^iXi,X2) 


8X2 


dx[ 


a/ g(a;i) a/ g{x 2 ) dx\ ■ ■ ■ dxf dx\ ■ ■ ■ (8.34) 


where g denotes the determinant of the matrix {gki)k,i=i '^))k,i=v 

(fi'^0fcz=i is its inverse. We conclude from (8.34) that there exists a constant C > 0 
such that, for each function / G Dom(T) having support in a fixed (f/j*^)^, 

S{fJ)<C£MJ), 

where £e is the (Euclidean) Dirichlet form on 


^ e (/,/)= / {Vf{xi,X2),Vf{xi,X2))dxl---dx1,dxl---dx2, 


V denoting the usual gradient on Hence, it suffices to construct for any fixed 

j G N a sequence {un}’^=i C Dom(TE) such that each Un has support in the 

tin’s converge pointwisely to the indicator of the set {{xi,X 2 ) G : xi = X 2 E Cj}, 
and supn TE(tin, Mn) < 00 . But the existence of such sequence can be seen by a trivial 
modification of the proof of Proposition 1 in [35]. Thus, (8.32) and hence also the claim 
(8.29) are proven. 

The rest of the proof follows from that of Theorem 8.1. Instead of the set A given 
by (8.25), one should use its subset 


A' 


A n 


Pi { Uiit) ^ Uj(t) Vt G M+ } 

{tifcN 


(8.35) 


By (8.7), (8.26), (8.29), and (8.35), we get 

Px(A') = 1 

for each x G X^ satisfying (8.6), so that the measure Px can be considered as a 
probability measure on (A',i3(A')). Finally, noting that 

IA'cC'(M+;roo) 


(compare with Lemma 8.7), we get the corollary by a corresponding modification of 
the last part of the proof of Theorem 8.1. ■ 
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Remark 8.3 (Path-wise construction of the independent particle process on Poo) Let 
d > 2 and let us consider the probability space (O, Co-(O), P), where O := hi : = 
C(R+;X), C„(Q) is the product a-algebra on O constructed from the a-algebra T on 
n defined by (8.1), and P ;= Px- For any fixed 7 G Poo and t G M+, we dehne 

Q 3 u = {uJx)x£X ^ Xj(a;) ;= 

x£'y 

where X^{u) := uixit). Thus, for any 7 G Poo we have constructed a process X'’' ;= 
which takes values in the space of all measures on X. Let us fix any x = 
G Then, Px = P o 1“^, where Px is dehned by (8.7) and 

Cl 3 u = {uJx)xgx Ixi^ := i^xk)T=i ^ 

Hence, it follows from the proof of Theorem 8.1 (respectively Corollary 8.1) that with 
P probability one the independent particle process X'^ starts at 7 , never leaves Poo, 
i.e., P(Vt > 0 : X^ G Poo) = 1, and has sample paths which are continuous in the doo 
metric. 

In the case d = 1, in order to give a corresponding path-wise construction of the 
independent particle process on Poo, we proceed as follows. We consider the probability 
space (n, Co-(^^), P), where 

n:= X X 
n(-)eN-^ x£X 

Co-(f2) is the corresponding product a-algebra on f2, and 



n(-)eN-^ xex 


For any 7 G Px, we dehne 7 G Px and a mapping n..y : 7 —N by 

7 := supp 7 , ^ 3 X ^ n^{x) := 7 ({a;}) G N. 

We extend the mapping n^{-) to the whole of X by n^{x) := 1 for all a; G X \ 7 . Now, 
for any hxed 7 G Poo, we dehne a process X'’' := (X)?')tg]R_^ setting for each t G M+ 

n^(x) 

n 9 c<; = (co’^.)^j,,... X'liu) : = E E H,,.,,.<■)■ 

XG7 i=l 

Analogously to the above, we conclude that with P probability one the independent 
particle process X'^' starts at 7 , never leaves Poo, and has sample paths continuous in 
the doo metric. 
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Remark 8.4 The Markov process on the state space Too that was constructed in 
Corollary 8.1 is a strong Markov process. This can be shown by a modihcation of 
the proof of [12, Theorem 5.10] using Corollary 6.2. Furthermore, by proving a corre¬ 
sponding Feller property of Pt on Foo with respect to the metric di, one can show that 
the Markov process on the state space Foo that was constructed in Theorem 8.1 also 
possesses the strong Markov property. 


9 Appendix: Proof of Lemma 8.1 

Let us £x r > 0, (5 > 0, a; G X, 0 < < ■ ■ ■ < n > 2, with < d. Let 

A := I a; G : d{uj(ti),u(tj)) > r for some j = 2,..., n }, (9.1) 

and let us show that 

P,(kl)<2r(<5,ir). (9.2) 

Let 


B : = [u }; 

Cj : = {oo E ^ d{u}{tj),U}{tn)) > 

Dj : = \^uj E fl : d{uj(ti),uj{tj)) > r, and d{uj{ti),uj(tk)) < r for /c = 1,..., j — 1 }. 


Then, 


Therefore, 


Ac BU 


U(C,nc, 

'-i=i 


P,{A) < P^{B) + 5^P.(C, n P,). 

j=i 

Define Dj C X^, Cj C X^ by 

Dj: = { (xi,... , Xj) E Xt : d{xi,Xj) > r and d{xi,Xk) < r for k = 1,. 
Cj ■. = [ {xi,X2) E X^ : d{xi,X2) > \ 

Then, 

Px{Cj nDj)=... p{ti,x, dxi) ■ ■ ■p{tj - tj_i, Xj_i, dxj) 

J X Jx 

X p{tn - tj,Xj,dXn)lp).{Xi, . . . ,Xj)lQX^j,^n) 


•,J - 1 }, 


<r((5,|r) / ... p{ti,x,dxi)---p{tj-tj_i,Xj_i,dxj)l^.{^i,- 
Jx Jx ^ 


■ 1 ^jj 
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= T{5,\r)P^{Dj). 

Since the sets Dj are disjoint, we have 

n n 

PACj n D,) < Y,T(S,\r)P,{D,) < t(^, ir), 

3=1 3=1 

and since Px{B) < t{6, |r), we get (9.2). 

It follows from (9.1), (9.2) that 

Px{d{u!{tj), u!{tk)) > 2r for some j, k, I < j,k < n) < 2t{S, |r). (9.3) 

Indeed, if d{u3(tj),u3(tk)) > 2r, then d{u3(ti),u3(tj)) > r or d{u3(ti),u3(tk)) > r. 

Since the estimate (9.3) is independent of n and ti,..., tn, we get 

Px{d{u3{ti),u3{t2)) > 2r for some fi, ^2 ^ H Q, |^i — ^ 2 ! < <^) < 2r((5, | r). (9.4) 

Due to the continuity of the trajectories u E Q, (9.4) implies the statement of the 
lemma. ■ 
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